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We discuss spherically symmetric solutions for point-like sources in Lorentz-breaking massive grav-
ity theories. This analysis is valid for Stu¨ckelberg’s effective field theory formulation, for Lorentz
Breaking Massive Bigravity and general extensions of gravity leading to an extra term −Srγ added
to the Newtonian potential. The approach consists in analyzing the stability of the geodesic equa-
tions, at the first order (deviation equation). The main result is a strong constrain in the space of
parameters of the theories. This motivates higher order analysis of geodesic perturbations in order
to understand if a class of spherically symmetric Lorentz-breaking massive gravity solutions, for
self-gravitating systems, exists. Stable and phenomenologically acceptable solutions are discussed
in the no-trivial case S 6= 0.
PACS numbers: 98.80.-k, 95.35.+x, 95.35.+d, 04.50.+h
Keywords: Alternative gravity; Spherical Symmetry; Lorentz symmetry breaking.
1. INTRODUCTION
The issue of graviton mass is one of the most intriguing questions of theoretical physics. It is connected to other
deep questions like the fact that General Relativity is an approximation of some fundamental theory of gravity and
Lorentz Invariance can be violated.
The question of graviton mass was firstly considered by Fierz and Pauli (FP) [1]. Despite of this intuition, it was
soon clear that this theory becomes unphysical: the modification of the Newtonian potentials is discontinuous in the
limit of m → 0 (very small graviton mass) with a large deviation of 25% to the light deflection from the Sun [2–4].
Alternatively, it was proposed that, in the full non-linear regime, the discontinuity can be avoided [5, 6]. However the
FP theory is also problematic at quantum level. In fact, the gauge symmetry is broken by the explicit massm term with
cutoff ∼ (m4MP )1/5. This scale is lower than the expected (mMP )1/2 [7]. On the other hand, such shortcomings are
avoided by considering a possible connection with the Lorentz-Invariance violation cited above. In fact it is interesting
to consider Lorentz-breaking massive terms [8]: this class of terms is free from ghosts at low and strong coupling
scales. Mass terms, breaking the diffeomorphism invariance, have been considered by reintroducing the Goldstone
field associated to the broken invariance ([7, 9] and for a review [10]). Considering Lorentz Breaking Massive Bigravity
(LBMG) as an effective field theory, the graviton mass is generated by the interaction with a suitable set of Stu¨ckelberg
fields. A set of four Stu¨ckelberg fields, φa (a = 1, 2, 3, 4), is introduced by transformations under diffeomorphisms
δxµ = ζµ(x). Goldstone fields transform as scalars and they can realize a modified theory of gravity at IR scales.
The result is manifestly invariant under diffeomorphism. In particular, the Einstein-Hilbert action is extended with
potentials like m2V(X , V i, Sij), with X = −gµν∂µφ0∂νφ0, V i = −gµν∂µφi∂νφ0, Sij = −gµν∂µφi∂νφj , where m is the
graviton mass scale. Lorentz breaking is manifest in the action, but it can be considered as a rotationally invariant
potential V . Bigravity could be another interesting approach to realize LBMG without ghosts and discontinuities
[11, 12, 17]. Such a theory is based on two coupled Einstein field equations derived on a Riemannian manifold with
two conjugate metrics and two geodesic structures 1. Bigravity is also a theory with an intriguing phenomenology in
galactic physics (see [14, 15] and [18]), strictly related to the so-called Mirror Theories [50–55].
1 Other Lorentz breaking gravity models, generally known as Bumblebee gravity, are considered in [22]-[27]. The strategy to break Lorentz
symmetry is completely different in this case: the Einstein-Hilbert action is extended with an interaction term of the curvature tensor
and a new vector field (see [22]). Then the vector field takes an expectation value that spontaneously breaks Lorentz invariance. Another
approach comes from DGP models. As pointed out in [28], spontaneous Lorentz breaking could be induced by the expectation value of
sources.
2Assuming spherical symmetry for the metric generated by a source, it is possible to write
ds2 = −dt2J(r) +K(r)dr2 + r2dΩ2 (1)
As it was shown in [13], choosing a class of V as a particular polynomial combination of ωn = Tr(Wn), one arrives to
J(r) = 1− 2GM
r
+ Λ2r2 − 2GSrγ ; K(r) = k0
J(r)
(2)
whereM and S are two integration constants, G = 1/16πM2P is the Newton constant. Λ
2 is the ”effective” cosmological
constant; it is a particular combination of the parameters in the potential chosen in literature. The exponent γ is
another combination of the parameters. The details are discussed in [13] and we report the relevant aspects for our
purposes in Appendix A.
The last power law in (2) is the new term coming from the gravity modification; 1/r and r2, on the contrary, are
also present in the Schwarzschild-de Sitter metric. The same solution of (2) was previously found in LBMG for a
certain class of interactions between the two metrics [17].
Recently the specific class of solutions discussed in [13], with a solution like (2), is discovered to be unstable if
S 6= 0 [19]. A complete non-perturbative analysis shows the presence of a hidden ghost. On the other hand, this
strongly depends on the specific choice of the interaction potential V . The aim of this paper is more general. We will
point out that a class of ghost-free LBMG exists with a static-gravitational potential like (2). For example kinetic
mixing terms, between the metric and the Goldstone fields or the two metrics in bigravity, could enter in the action,
eliminating ghosts. These terms are not considered in literature. This could enlarge the space of the parameters with
other peculiar effects to explore. Alternatively, it could be possible to extend the Einstein-Hilbert kinetic term of
LBMG as a local f(R) term (see [29] for a review of f(R) theories). f(R) gravity itself is an intriguing extension of
General Relativity with a lot of phenomenological aspects in cosmology [30–36], galatic physics [37–43], gravitational
waves [44, 45] and neutron stars [58, 59]. In summary, it could be interesting to consider f(R) extension with a
Lorentz breaking potential.
Then, it is also possible to consider non-local kinetic terms in LBMG. Recently the possibility of a ghost-free massive
bigravity with non-local terms was proposed [47]. For implications on the static potential in non-local modification of
gravity see also [48]. On the other hand, a more general and radical point of view about ghosts in Extend Theories of
Gravity is considered in [46]: it was proposed that ghosts in quantum gravity could not be dangerous if one considers
a different interpretation of the quantum mechanics. This approach could be tested by gravitational waves.
Here, we want to study the external stability of the trajectories in a LBMG metric (1) through the geodesic stability
condition. The analysis would be ”effective”, without specifying the particular model and its problems. The general
question of ghosts is beyond the scope of this paper. For ”external stability”, we want to study the geodesic stability
out of the event horizon for black holes: obviously this condition is automatically satisfied for stars. In other words,
we are studying the geodesic structure for all classes of LBMG theories with a new terms like ∼ rγ in addition to the
Newtonian gravitational potential. One can study this term for all the possible values of S, γ. A first constrain comes
from the convergence of the Komar integral [49] (see [17] and [13]). In fact, the gravitational energy is
E = − 1
4πG
∫
∂S
d2x
√
hvµuνWν;µ (3)
with S is the 3-surface, ∂St¯ is boundary at fixed time t¯; v
µ is the normal versor of S, uν is the normal versor of the
boundary. The integration leads to the result 2
E = m− SγRγ+1 (4)
In the limit R → ∞, the integral converges to m only for γ < −1. This means that our analysis will be physically
interesting for gravitational potential γ < −1. In the case γ > −1, solutions are excluded thanks to the classical
Komar bound.
The basic idea for studying the geodetic stability is the following: let us assume to infinitesimally perturb a generic
geodetic trajectory in the gravitational metric (1) as xµ → xµ+ δxµ. If the 4-deviation δxµ(s) explodes exponentially
as δx(s) ∼ eks (k is a constant), we have to conclude that the trajectories around the solutions are unstable. A
solution for a star (or a black hole), that cannot admit external stable circular (or quasi-circular) trajectories, is not
2 The integration can be performed into a boundary as a 2-sphere, W = ∂/∂t the Killing vector associated to the time direction, the
integration cutoff is to the fixed radius R.
3phenomenologically acceptable. In Section 2, we discuss this analysis and the consequent constraints on the space
of parameters for LBMG theories. In Section 3, we consider the implication of the analysis for a particular class of
models studied in literature. Conclusions are drawn in Section 4. In Appendix A, we report technical details of the
models considered in Section 3. In our analysis we will assume that Λ = 0 in asymptotically flat hypothesis.
2. THE GEODESIC STABILITY CONDITION
The trajectories, in the gravitational field background, are described by the geodesic equations
d2xλ
ds2
+ Γλµν
dxµ
ds
dxν
ds
= 0 (5)
with
dxµ
ds
, the 4-velocity, s the affine parameter along the geodesic. If we perturb the geodesic as xµ → xµ + δxµ,
where δxρ is the 4-deviation, we obtain, as standard, the deviation equation
d2δxλ
ds2
+ 2Γλµν
dxµ
ds
dδxλ
ds
+ ∂ρΓ
λ
µν
dxµ
ds
dxν
ds
δxρ = 0 . (6)
If we insert this into (1), fixing the constant k0 = 1 in (2), we have following geodesic equations:
d2t
ds2
= 0,
1
2
J(r)′
(
dt
ds
)2
− r
(
dφ
ds
)2
= 0,
d2θ
ds2
= 0,
d2φ
ds2
= 0 . (7)
The geodesic deviation, divided by components, is
d2δx0
ds2
+
J ′(r)
J(r)
dt
ds
dδx1
ds
= 0 , (8)
d2δx1
ds2
+ J(r)J ′(r)
dt
ds
dδx0
ds
− 2rJ(r)dφ
ds
dδx3
ds
+
[
1
2
(
J ′2(r) + J(r)J ′′(r)
) ( dt
ds
)2
− (J(r) + rJ ′(r))
(
dφ
ds
)2]
δx1 = 0 ,(9)
d2δx2
ds2
+
(
dφ
ds
)2
δx2 = 0 , (10)
d2δx3
ds2
+
2
r
dφ
ds
dδx1
ds
= 0 (11)
where J ′(r) = dJ(r)/dr. We consider the circular orbit in the plane θ = π/2, that is the ds2, defined as (1), gives
J(r)
(
dt
ds
)2
− r2
(
dφ
ds
)2
= 1 (12)
and from this last equation and Eq.(7), we obtain
(
dφ
ds
)2
=
J ′(r)
r[2J(r) − rJ ′(r)] ,
(
dt
ds
)2
=
2
2J(r)− rJ ′(r) (13)
According to this result, it is possible to eliminate the dependence on s in the deviation equations, obtaining
d2δx0
dφ2
+
J ′(r)
J(r)
dt
dφ
dδx1
dφ
= 0 (14)
d2δx1
dφ2
+ J(r)J ′(r)
dt
dφ
dδx0
dφ
− 2rJ(r)dδx
3
dφ
+
[
1
2
(
J ′2(r) + J(r)J ′′(r)
) ( dt
dφ
)2
− (J(r) + rJ ′(r))
]
δx1 = 0 , (15)
4d2δx2
ds2
+ δx2 = 0 , (16)
d2δx3
ds2
+
2
r
dδx1
ds
= 0 (17)
The last two equations give harmonic motions meaning that motion in the plane θ = π/2 is stable. Let us now insert
the modified gravitational potential (2) into (14) and (15). It is
d2δx0
dφ2
+
2GM + 2γGSrγ+1
r − 2GM + 2GSrγ+1
dt
dφ
dδx1
dφ
= 0 (18)
0 =
d2δx1
dφ2
+
(
1− 2GM
r
+ 2GSrγ
)(
2GM
r2
+ 2γGSrγ−1
)
dt
dφ
dδx0
dφ
− 2(r − 2GM + 2GSrγ+1)dδx
3
dφ
(19)
+
{
1
2
[
4G2
(
M
r2
+ γSrγ−1
)2
+
(
1− 2GM
r
+ 2GSrγ
)(
2GγS(γ − 1)rγ−2 − 4GM
r3
)](
dt
dφ
)2
− [1 + 2(1 + γ)GSrγ ]
}
δx1
One can insert the harmonic solutions
δx0 = δx00e
iωφ, δx1 = δx10e
iωφ, δx3 = δx30e
iωφ (20)
where δx0,1,30 are constants. The conditions obtained are apparently non-trivial, but between these, the following
relevant relation with the gravitational potential (2) is
r3+γ +
2S
M
> 0 (21)
assuming G = ~ = c = 1. Condition (21) is not so different from the standard condition for the Reissner-Nordstro¨m
case. Let us assume γ = −2 and 2SM = − q
2
m , with q,m the charge and the mass of the particle. This is exactly the
case of a symmetric solution for a charged particle. Also in the Reissner-Nordstro¨m case, constraints can be reduced
to [20, 21]:
r − 6m > 0 (22)
and
r − q
2
m
> 0 (23)
Condition (23) corresponds exactly to (21) with γ = −2 and 2SM = − q
2
m : r +
2S
M > 0. In other words, the bound (21)
passes this consistency check with standard results of General Relativity. However, Eq. (21) excludes the large region
of parameters S < 0 for γ < −3. In fact for r →∞, r3+γ |γ<−3 → 0 while S remains constant: 0 > − 2SM = const > 0 is
clearly impossible. For −3 < γ < −1, solutions are possible because now, for r →∞, r3+γ |γ>−3 →∞, this is higher
than the constant 2SM . This is expected considering the case of Reissner-Nordstro¨m, that is stable under geodetic
perturbations. In other words, we have a bound from below that not all the solutions satisfy (and again this is true
also the Reissner-Nordstro¨m case, with a bound depending on the charge and the mass). On the other hand, the class
of solutions S > 0 are unconstrained from the condition 3 (21).
3 See also [56, 57] for a recent study on the geodesic stability in other contests.
53. CONSTRAINTS ON THE SPACE OF PARAMETERS FOR A CLASS OF LBMG
As an example, we discuss the implications of the above analysis on a particular class of LBMG (see Appendix A).
In particular, in [13], the space of the parameters, allowing the stability of a self-gravitating system (a star), was
studied: they consider bounds coming from the internal pressure and the gravitational mass. In fact, considering the
internal pressure in the star, it is possible to put bounds to the graviton mass. The pressure must be positive for the
stability. At the star center, this condition corresponds to
p(0)
ρ0
≃ GM0
2R
[
1− 16µ
2R2(11− 2γ)
5(2γ − 1)(γ − 4)(γ − 2)
]
> 0 . (24)
On the other hand, at the surface of the star (i.e. at radius R), the pressure is zero, so the derivative has to assume
negative values. Then, the gravitational mass must be positive:
M =M0
[
1− 8µ
2R2
5(γ + 1)(γ − 2)
]
> 0 (25)
These two conditions, studied in [13], constraint the space of the parameters. For γ = −1, the bound (25) leads to a
divergence, so this is excluded by the space of the parameters. However, we are considering the case γ < −1.
From the above geodesic stability condition, we have another bound
S =
24µ2M0R
1−γ
(γ − 4)(γ + 1)(2γ − 1)(γ − 2) > 0 (26)
corresponding to µ2R2 = const > 0 with respect to γ. This means that the space of parameters is strongly constrained,
especially from the bounds M > 0 and S > 0, as shown in Fig.1. Assuming that all masses in the potential are of the
same order, limits on µ2 become limits on the graviton mass m2: m2 ∼ |µ|2 < O(1)/R2. Assuming galaxies as the
largest self-gravitating bound states implies m < 10−28÷29 eV for a typical galaxy size R ∼ 1÷ 10 kpc.
4. CONCLUSIONS
We analyzed the geodesic stability for spherically-symmetric solutions in Lorentz-Breaking-Massive-Gravity, valid
for Stu¨ckelberg, Bigravity and other LBMG classes leading to a new term −Srγ in the static external potential.
This analysis has an implication about the stability of self-gravitating systems (stars and black holes). Clearly,
not all the possible gauge interaction potentials were studied in the precedent literature, in the various classes of
theories, essentially for a formal difficulty in the calculations. This motivates a ”bottom-up” approach starting from
the gravitational static potential. In fact, the gauge interaction potentials considered in literature, exclude very
interesting kinetic mixing terms between the Goldstone fields and the metric, or between the two metrics in bigravity.
It is also practically unexplored the possibility to extend Einstein-Hilbert kinetic terms of our metric to f(R)-like or
other non-local theories of gravity. On the other hand, the interpretation of ghosts in quantum gravity could lead to
ambiguities coming from the probabilistic formulation of quantum mechanics.
In our analysis, we assumed the case of asymptotically flat metrics, setting the effective cosmological term Λ = 0.
It was noted that γ > −1 leads to a divergent gravitational energy. As a consequence, our calculation assume the
starting bound γ < −1.
The goal is a self-consistent physical restriction of parameter space for static solutions. Calculations lead to exclude
metrics with S < 0 for the non-standard term ∼ −Srγ . In other words, the new term, proportional to ∼ rγ , cannot
be repulsive if γ < −3. For −3 < γ < −1 repulsive terms are possible, but with bounds from below depending on S
and M . In Section 3, we have applied the bound from the geodetic analysis in a particular class of LBMG, explicitly
showing how the bounds S < 0, γ < −3 reduces the parameter space.
It is worth noticing that our analysis is limited to the first order of geodesic perturbation, a deeper analysis could
constrain even more the space of parameters for LBMG models. This strongly motivates a higher order geodesic
analysis to understand if a class of spherically symmetric LBMG solutions for stars and black holes exists in the
non-trivial case S 6= 0. This approach could lead to important phenomenological implications. It is worth stressing
the fact that spherically symmetric solutions with charges or axial symmetry could have a larger parameter space,
allowing more ”islands” of stable solutions.
Finally, it is possible that spherically symmetric solutions for black holes develop inner blueshift instabilities under
electromagnetic or gravitational perturbations but this is not relevant for ordinary stars. Furthermore, strong gravity
regimes could give rise to additional pressure terms capable of stabilizing very peculiar massive objects as discussed
in[58, 59].
6Figure 1: In the (−µ2R2, γ) plane, the white region is the subspace of allowed parameters. The regions in Pink and Blue are
the Pressure and Mass bounds respectively, obtained in [13]. The new bound coming from the geodesic stability is reported in
Red. As a consequence, the space of the parameters is strongly constrained by these three bounds.
5. APPENDIX A: LBMG IN STU¨CKELBERG’S EFFECTIVE FIELD THEORY FORMULATION AND
BIGRAVITY
In this appendix, we sketch the main aspects of a class of LBMG realized as a Stu¨ckelberg’s effective field theory
and Bigravity. All these equations can be found in [13] and [17]. This section is necessary to understand the model
dependent assumptions of the results showed in Section 3.
Considering LBMG as an effective field theory, the graviton mass is generated by the interaction with a suitable
set of Stu¨ckelberg fields. A set of four Stu¨ckelberg fields. ΦA (A = 1, 2, 3, 4), is introduced by transformations under
diffeomorphisms δxµ = ζµ(x). Such fields transforms as scalars and can realize a modified theory of gravity, at IR
scales, which results manifestly invariant under diffeomorphism. Let us suppose to preserve the rotational invariance
in the theory. The general action can be written as
S =
∫
d4x
√−gM2P {R+ Lmat +m2V(X , V i, Sij)} (27)
where V is a rotationally invariant potential and X = −gµν∂µΦ0∂νΦ0, V i = −gµν∂µΦi∂νΦ0, Sij = −gµν∂µΦi∂νΦj .
m is the graviton mass scale. Lorentz breaking is manifest in the action. The Goldstone action can have additional
symmetries and can single out a particular phase for LBMG; we can consider V = V(X ,W ij) where W ij = Sij −
X−1V iV j [9]. The Goldstone action is invariant under Φi → Φi + ζi(Φ0). The flat background is parametrizable as
7g¯µν = ηµν and Φ¯
A = (αt, βxi), preserving rotation and breaking Lorentz boosts if α 6= β.
Assuming the spherical symmetry for the metric generated by a spherically symmetric source, it is possible to find
out a set of coordinates in order to have metric and Goldstone fields in the simple form (m1 = 0 phase). That is
ds2 = −dt2J(r) +K(r)dr2 + r2dΩ2 (28)
Φ0 = αt+ h(r), Φi =
xi
r
φ(r) . (29)
As it was shown in [13], choosing the particular class of V
V = [b0 + b1ω−1 + b2(ω2−1 − ω−2) + b3(ω3−1 − 3ω−2ω−1 + 2ω−3)]X−1+ (30)
a0 + a1ω1 + a2(ω
2
1 − ω2) + a3(ω31 − 3ω2ω1 + 2ω3) ,
with ωn = Tr(W
n) one arrives to a Solution like (2), with Λ2 = 16 (12a¯3−6a¯2+ a¯0−3b¯1+12b¯2−18b¯3) is the ”effective”
cosmological constant; the exponent γ is γ = −2(2a¯2−6a¯3+ b¯1−2b¯2)/(a¯1−4a¯2+6a¯3). The last power law in (2) is the
new term coming from the gravity modification, 1/r and r2, on the contrary, are also present in the Schwarzschild-de
Sitter metric. Considering the case Λ = 0, for γ < −2, the metric describes an asymptotically flat space. The masses
of the fluctuations around the flat space are
m20 =
3
4
(a¯1 − 4a¯2 + 6a¯3 − 4b¯2 − 6b¯3)m2, m21 = 0
m22 =
1
2
(a¯1 − 2a¯2 + b¯1 − 2b¯2)m2
m23 =
1
4
(a¯1 − 6a¯3 − b¯1 + 8b¯2 − 18b¯3)m2
m24 =
1
4
(a¯1 − 4a¯2 + 6a¯3 − 3b¯1 + 12b¯2 − 18b¯3)m2 . (31)
In this case, the mass of the graviton is m2.
The same solution of spherically symmetric solution is found in bigravity where Lorentz invariance is spontaneously
broken for a large class of potentials [17]. In these models, we consider a theory with two interacting metrics: g1
for our observable sector and g2 for another hidden sector. The two metrics are considered interacting through an
effective potential. The resulting action is
S =
∫
d4x[
√−g1(M2pl1 + L1) +
√−g2(M2pl2R2 + L2)− 4(g1g2)1/4V(X )] . (32)
For symmetry, each rank-2 field is considered as coupled to its own matter field with the respective Lagrangians L1,2.
For the sake of simplicity, we consider the interaction term without derivative couplings. Assuming two metrics,
the only possible combination is Xµν = gµα1 g2να. V is a function of the 4 independent scalar operators τn = tr(X n)
n = 1, 2, 3, 4. We can include the cosmological term in our observable sector through a term in the effective potential
as VΛ1 = Λ1q−1/4 with q = detX = g2/g1. The modified Einstein equations result
M2pl1E
µ
1ν +Q
µ
1ν =
1
2
T µ1ν (33)
M2pl2E
µ
2ν +Q
µ
2ν =
1
2
T µ2ν (34)
where Q1,2 are the effective energy-momentum tensors induced by the interaction
Qµ1ν = q
1/4[Vδµν − 4(V ′X )µν ] (35)
8Qµ2ν = q
−1/4[Vδµν + 4(V ′X )µν ] (36)
with (V ′)µν = ∂V/∂X νµ .
The following Bianchi identities are satisfied:
gαν1 ∇1αE1µν = ∇ν1E1µν = 0, gαν2 ∇2αE2µν = ∇ν2E2µν = 0 . (37)
They come from the invariance of the Einstein-Hilbert terms under diffeomorphisms
δg1µν = 2g1α(µ∇ν)ǫα, δg2µν = 2g2α(µ∇ν)ǫα . (38)
Being the interaction term also invariant, it is ∇ν1,2Q1,2µν = 0 on shell for g2,1.
Regarding the asymptotic solutions, we expect that at infinity from the sources g1,2 are maximally symmetric.
Inserting
M2Pl1,2 = Eµν1,2 = K1,2gµν 2 (39)
with −K1,2/4, the constant scalar curvature of gµν1,2, into the equations (33) and (34), we obtain
2V + (q−1/4K1 + q1/4K2) = 0 (40)
8(V ′X )µν + δµν (q1/4K2 − q−1/4K1) = 0 . (41)
Assuming asymptotically flat spaces K1,2 = 0, (40) and (41) are reduced to V ′νµ = 0 and V = 0. So, assuming that
rotational symmetry is preserved and the same signature for the two metrics (without any ’twist’ of coordinates), the
bi-flat background can be written in the form
g¯1µν = ηµν = diag(−1, 1, 1, 1) , (42)
g¯2µν = ω
2diag(−c2, 1, 1, 1) , (43)
where ω is the relative conformal factor, c parametrizes the speed of light in sector 2. If c = 1, the two metrics are
linearly dependent and we can locally diagonalize both of them by a coordinate transformation. This is the case of
Lorentz Invariant Bigravity. On the other hand, in the case c 6= 1, this simultaneous diagonalization is not possible
and then the Lorentz symmetry is spontaneously broken.
Considering the family of potentials
V = α0V1 + α1V2 + α3V3 + β1V−1 + β2V−2 + β3V−3 + β4V−4 + q−1/4Λ1 + q1/4Λ2 (44)
where we introduced the combinations of the scalars τn = tr(X n)
V0 = 1
24|g2| (ǫǫg2g2g2g2) = 1 =
1
24q
(τ41 − 6τ2τ21 + 8τ1τ3 + 3τ22 − 6τ4) (45)
V1 = 1
6|g2| (ǫǫg2g2g2g1) = τ−1 =
1
6q
(τ31 − 3τ2τ1 + 2τ3) (46)
V2 = 1
2|g2| (ǫǫg2g2g1g1) = (τ
2
−1 − τ−2) = q−1(τ21 − τ2) (47)
V3 = 1|g2| (ǫǫg2g1g1g1) = (τ
3
−1 − 3τ−2τ−1 + 2τ−3) = 6q−1τ1 (48)
V4 = 1|g2| (ǫǫg1g1g1g1) = (τ
4
−1 − 6τ−2τ2−1 + 8τ−1τ−3 + 3τ2−2 − 6τ−4) = 24q−1 (49)
9where V−n = V(X → X−1); we have a solution as (2) plus the second metric:
ds22 = −Cdt2 +Adr2 + 2Ddtdr +BdΩ2 (50)
with
C = c2ω2
[
1− 2Gm2
κr
+K2r2
]
− 2G
cω2κ
Srγ , D2 +AC = c2ω4 (51)
B = ω2r2, A = ω2
J˜ − C˜ − J˜ S˜rγ−2
J˜2
(52)
The forms ofM,S in (2) can be obtained by matching the exterior solution with an interior star solution as obtained
in [13]. Assuming the mass density of the object as a constant, the following conditions
M =M0
[
1− 8µ
2R2
5(γ + 1)(γ − 2)
]
, S =
24µ2M0R
1−γ
(γ − 4)(γ + 1)(2γ − 1)(γ − 2) (53)
µ2 = m22
3m44 −m20(m22 − 4m23)
m44 −m20(m22 −m23)
, M0 =
4
3
πR3ρ0 (54)
hold. As a consequence, the bare mass M0 is renormalized by the presence of the extra-term in S coming from
modified gravity. Clearly, M is the mass and S depends on the size of the self-gravitating body. The mass shift
∆M =M −M0 and S will have the sign of µ2 in the case γ < −1. This means that the corrections are proportional
to the physical size of the body. For µ2 > 0, we have positive corrections M > M0; for µ
2 < 0 we have negative
corrections. The parameter µ2 is proportional to the graviton mass scale m2; the same holds for S and ∆M ; in the
limit of m→ 0, the deviations go to zero and LBMG theory converges to General Relativity.
Note that as a consequence of our analysis in Section 2, positive fluctuations are the only one permitted: the bound
S > 0 excludes negative fluctuations.
Acknowledgments
We would like to thank Denis Comelli, Luigi Pilo and Fabrizio Nesti for interesting discussions and important
remarks on these subjects. SC is supported by INFN (iniziative specifiche TEONGRAV and QGSKY).
[1] M. Fierz and W. Pauli, Proc. Roy. Soc. Lond. A 173, 211 (1939).
[2] H. van Dam and M.J.G. Veltman, Nucl. Phys. B 22, 397 (1970).
[3] Y. Iwasaki, Phys. Rev. D 2, 2255 (1970).
[4] V.I. Zakharov, JETP Lett. 12, 312 (1970) [Pisma Zh. Eksp. Teor. Fiz. 12, 447 (1970)].
[5] A. I. Vainshtein, Phys. Lett. B 39, 393 (1972).
[6] T. Damour, I. I. Kogan and A. Papazoglou, Phys. Rev. D 67 (2003) 064009.
[7] N. Arkani-Hamed, H. Georgi and M. D. Schwartz, Annals Phys. 305 (2003) 96.
[8] V. A. Rubakov, arXiv:hep-th/0407104.
[9] S. L. Dubovsky, JHEP 0410, 076 (2004).
[10] V.A. Rubakov, P.G. Tinyakov Phys. Usp. 51 (2008) 759.
[11] Z. Berezhiani, D. Comelli, F. Nesti and L. Pilo, Phys. Rev. Lett. 99 (2007) 131101.
[12] S. Capozziello and P. Martin-Moruno, Phys. Lett. B 719 , 14 (2013).
[13] D. Comelli, F. Nesti, and L. Pilo Phys.Rev. D83:084042, (2011).
[14] Z. Berezhiani, L. Pilo and N. Rossi, Eur. Phys. J. C 70 (2010) 305.
[15] Z. Berezhiani, F. Nesti, L. Pilo and N. Rossi, JHEP 0907 (2009) 083.
[16] J. Bekenstein, Phys. Rev. 5 (1972) 2403.
[17] Z. Berezhiani, D. Comelli, F. Nesti, L. Pilo, JHEP 0807:130 (2008).
[18] N. Rossi. Europ. Phys. Jou. 163 (2008): 291
[19] D. Comelli, M. Crisostomi, F. Nesti, L. Pilo; Phys.Rev. D86 (2012) 101502.
10
[20] S.I. Vacaru, Int. J. Mod. Phys. D 12, 461 (2003).
[21] R.S. Ward, Class. Quantum Grav. 19, L17 (2002).
[22] V. A. Kostelecky, Phys. Rev. D 69, 105009 (2004),
[23] R. Bluhm and V. A. Kostelecky, Phys. Rev. D 71, 065008 (2005).
[24] R. Bluhm, S.H. Fung. and V. A. Kostelecky, arXiv: 0712.4119.
[25] O. Betolami, J. Paramos, Phys. Rev. D72, 044001 (2005).
[26] R. Bluhm, Shu-Hong Fung, V.Alan Kostelecky (Indiana U.) Phys.Rev. D77 (2008) 065020.
[27] R. Bluhm, arXiv:1307.5722 [hep-ph]
[28] G. Dvali, O. Pujolas, M. Redi, Phys.Rev. D76 (2007) 044028.
[29] S. Capozziello, M. De Laurentis, Phys. Rep. 509, 167 (2011).
[30] A. A. Starobinsky, Phys. Lett. B91, 99 (1980).
[31] S. Capozziello, Int. Jou. Mod. Phys. D11, 483 (2002).
[32] A. De Felice, S Tsujikawa, Living Rev.Rel. 13 (2010) 3.
[33] S. Nojiri, S.D. Odintsov, Phys. Rep. 505, 59 (2011).
[34] S Capozziello, S Nojiri, SD Odintsov, A Troisi, Phys. Lett. B 639, 135 (2006).
[35] S. Capozziello, V. F. Cardone, and A. Troisi. Phys. Rev. D 71.4 (2005): 043503.
[36] S. Capozziello, V. F. Cardone, and V. Salzano Phys. Rev. D 78, 063504 (2008)
[37] S. Capozziello, V.F. Cardone, S. Carloni, A. Troisi , Phys. Lett. A 326, 292 (2004).
[38] N.R. Napolitano, et al. Astroph. Jou. 748.2 (2012): 87.
[39] S. Capozziello, V. F. Cardone, and A. Troisi. Mon. Not. R. Astr. Soc. 375 (2007): 1423.
[40] S. Capozziello, F. De Filippis, and V. Salzano. Mon. Not. R. Astr.l Soc. 394 (2009): 947.
[41] S. Capozziello, M. De Laurentis, I. De Martino, M. Formisano, and S. D. Odintsov Phys. Rev. D 85, 044022 (2012).
[42] S. Capozziello, M. De Laurentis Ann. Phys. 524, 545 (2012).
[43] S. Capozziello, E. Piedipalumbo, C. Rubano, P. Scudellaro, Astron & Astroph 505, 21 (2009).
[44] S. Capozziello and M. De Laurentis, Int. J. Mod. Phys. Conf. Ser. 14, 260 (2012).
[45] M. De Laurentis, and S. Capozziello. Astroparticle Physics 35.5 (2011), 257.
[46] C. Bogdanos, S. Capozziello, M. De Laurentis, Savvas Nesseris, Astropart.Phys. 34 (2010) 236.
[47] G. Cusin, J. Fumagalli, M. Maggiore; arXiv:1407.5580v1 [hep-th] 21 (2014).
[48] A. Conroy, T. Koivisto, A. Mazumdar and A. Teimouri, arXiv:1406.4998 [hep-th].
[49] A. Komar Phys Rev. 113, 934 (1959).
[50] T.D. Lee and C.N Yang, Phys. Rev. 104, 254 (1956).
[51] I.Yu. Kobzarev, L.B. Okun and I. Ya. Pomeranchuk, Yad. Fiz. 3, 1154 (1966), [Sov. J. Nucl. Phys. 3, 837 (1966)].
[52] R.Foot, H.Lew and R.Volkas, Mod. Phys. Lett. A 7, 2567 (1992).
[53] Z. Berezhiani, Through the Looking-Glass: Alice’s Adventures in Mirror World, arXiv:hepph/ 0508233.
[54] Z. Berezhiani, R. Mohapatra, Physical Review D 52 (11), 6607 373 (1995).
[55] Z. Berezhiani, A. Dolgov, R. Mohapatra, Phys. Lett. B 375 (1), 26 (1996).
[56] Ivan Arraut, arXiv:1311.0732;
[57] Ivan Arraut, arXiv:1310.0675;
[58] A. V. Astashenok, S. Capozziello, and S. D. Odintsov, JCAP 1312: 040 (2013).
[59] A. V. Astashenok, S. Capozziello, and S. D. Odintsov, Phys. Rev. D 89, 103509 (2014).
